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1. Abstract

A general approach for the description of the
electrostatic field in an infinite regular electrode grating
is presented. The general approach leads to four basic
functions: a potential-basis, a voltage-basis, a dipole-
basis and a charge-basis. These four basic functions are
four degrees of freedom to approximate an electrostatic
field for IDT of different structures. On the other hand,
the usage of these four basic functions in the synthesis
problem leads to four types of the IDT topology
implementation.

Generalized frequency element factors are written for
the assumption the SAW waves propagate with different
wave numbers within an electrode and within an inter-
electrode gap. This generdization explains the SAW
spectrum behavior for high harmonics and especially for
the SAW devices made up on piezo-film.

2. Introduction

The exact solution for a two-dimensional electrostatic
field of afinite SAW inter-digital transducer (IDT) [1,2]
was modified for the effective numerical calculation in
[3,4]. However, this solution is not suitable for applying
the transversal filters theory and the linear programming
in the synthesis problem.

In order to use the linear programming for the IDT
topology calculation, the frequency response of the IDT
was performed as multiplication of an element factor and
an array factor [5-16]. Such a definition of the IDT
frequency response became possible due to
approximation of the electrostatic field of the IDT with
the superposition of the basic solutions for an infinite
electrode grating. Only two types of the basic solutions
are widespread for the electrostatic field description.

They are

. basic function suggested in [10,11,12,13], where
only the zeroth electrode is hot with potential of +1 and
others are grounded. We cal this basic solution as a
potential-basis.

. basic function suggested in [6,7,8,9], where the
electrodes enumerated from —o to zero are grounded and
the electrodes enumerated from 1 to +c are hot with the
voltage of +1. So the voltage on gap between the zeroth
and the first electrodes equals +1, whereas the voltages
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on the other gaps are equa to zero. We call this basic
solution as a voltage-basis.

The benefits of two other basic functions are shown in
this paper.

They are

. basic function presented in this paper, where only
the zeroth electrode is charged with +1 and others keep
no charge. We call this basic solution as a charge-basis.

. basic function suggested in [14,15], where the
zeroth electrode is charged with +1, the first electrode is
charged with —1 and the other electrodes are isolated and
keep no charge. So there is only one charged dipole
formed by the zeroth and the first electrodes. We call this
basic solution as adipole-basis.

In practice the SAW IDT structure consists of a finite
number of electrodes, so the use of the infinite grating
models leads to inherent uncompensated electrostatic
end-effect [6,8,9,16,17]. The main beneficial property of
the usage of the charge-basis or the dipole-basis in
comparison with the potential-basis or the voltage-basis
isthe fact that the electrostatic end-effect is approximated
more exactly.

Quasi-static approach is applied for the frequency
element factor definition. Generalized frequency element
factors are modified, considering that the SAW waves
propagate with different wave numbers within an
electrode and within an inter-electrode gap. Such
generalization of the quasi-static approach allows
describing the SAW spectrum behavior for high
harmonics and especialy for the SAW devices made up
on piezo-film.

3. Prologue

The quasi-static approach simplifies the analysis of
generalized SAW transducers [6,7]. This approach is
based on the assumption that the charge density is
dominated by an electrostatic term, defined as the charge
density obtained when acoustic wave excitation is
ignored. The frequency spectrum of the SAW acoustic
potential ¢.(w) on the left port of the launching
transducer is expressed via the Fourier transform R(k) of
the charge distribution density p(x):

$a(@) =j TsR(K) )
where



SESSION C Piezoelectric and cryogenic oscillators, resonators, baw and saw and materials

s is a constant, depending on the piezoelectric
material and cut; this factor is a measure of the
piezoel ectric coupling of the substrate material.

j isanimaginary unit;

wisacycle frequency;

K isawave number, K= w/V;

V isan effective SAW velocity;

R(K) is the Fourier transform of the charge distribution
density p(x).

The quasi-static approach assumes that the p(x) is the
electrostatic charge distribution density.

If we consider the SAW device consisting of two uniform
SAW transducers, one of which operates as a launcher
and the other operates as a detector, then the device
response is proportional to the multiplication of the
characteristic SAW IDT responses Hj(w)H,(w). To
analyze the devices, it is convenient to define H(w) and
Hx(w) so that both of them would be written by the
similar way H(a) [6]. In our case the H(w) is written by
using the expression (1) for the charge distribution
density, i.e.

HE = VSR @

t
where

U; isavoltage applied to the SAW transducer.
W isawidth of the propagated SAW front.

So the problem of the SAW transducer frequency
response definition is mainly the electrostatic problem
and the functions p(x) and R(k) definition problem.

The superposition method for the function p(x)
definition may be applied for an infinite periodical
electrode grating [5-15], i.e.

p (X = A(n) py(x—np) (3)
2

where po(x) is a basic function and A(n) is the n-th
weight, associated with the n-th period of the grating, pis
agrating period. So the function R(k) iswritten as:

R (k) =Ro(k) 3 A(n)exp(-jknp) (4)
n

where Rq(K) is an element factor[6], defined as the
Fourier transform of the basic charge distribution density

Po(X).-

Four types of basic functions: pg(x) and Rg(k) for
potential-basis, p,(x) and R,(k) for voltage-basis, py(x)
and Ry(k) for charge-basis, ps(x) and Ry(k) for dipole-
basis are presented in this paper. Here and further the

subscript indexes ¢, u, g, o are used for potential-basis,
voltage-basis, charge- basis, dipole-basis respectively.

Hitherto it was assumed that the SAW wave
propagates with the wave-number k independent of the
coordinate x. However the electrode grating assumes that
the electrical and mechanical boundary conditions depend
on the coordinate x along the direction of the SAW
propagation and thus the SAW velocity dispersion effect
takes place around the electrode-gap boundaries. The
simplest approximation of the SAW wave-number with
K. within electrode and Ky within inter-electrode gap
suggests itself [18,19]. Let then k be an effective wave-
number and r bearatior = K¢/ Ky. In this case the SAW
potential ¢.(«) is described by the modified spectrum
function Ry(k,r) instead of Ry(k). The physical meaning
of the function Ry(k,r) is that a modified frequency
spectrum of the SAW excited by oscillated basic
distributed charge p,(x), therewith the SAW propagates
with the wave-number k. within electrodes and kg within
gaps. Such a generalization of the element factor becomes
essential for high harmonics, when the difference
between K, and K. is expected to be significant, especialy
for devices working on piezo-films.

Note, that Ro(K,r=1) = Ry(K).

The four functions: Rg(k,r), Ru(K.r), Ry(K.I), Ra(K.I)
are presented in this paper aswell.

4. Problem Formalization
4.1. Two-dimensional problem

To formalize the electrostatic problem we admit the
following assumptions.

. The infinite periodical sequence of the parallel
electrodes is placed in the (X, Z) - plane. The intervals
occupied by the electrodes along the X-axis are (a, by).
An electrode's width equals w, w = b, — a,, and the
grating period equals p, p=b,—b,.1 (Figure-1).

. The upper haf-plane is the vacuum with the
dielectric permittivity & and the lower half-plane is a
dielectric material with the effective dielectric
permittivity &,.

. The electrodes are infinitely long in Z-direction,
so the electrostatic problem becomes two-dimensional in
the (X, Y) - plane.

. The electrodes have zero thickness and zero
electrical resistance.

. The electrodes are enumerated from —eo to +oco.

4.2. Complex potential
Let us consider a pair of potential functionsin order to

describe the two-dimensional electrostatic field. The first
one is a two-dimensiona electrostatic potential ¢(x,y)
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and the second one is atwo-dimensional electrostatic flux
function a(x,y).
Let usintroduce the complex potential

P(x.y) = g(x.y) +jolxy) (5)

in order to apply the theory of complex functions in the
plane (X,Y) for the two-dimensiona electrostatic field
description. The complex potential @(x,y) must satisfy
the Laplace' s equation in the upper half-space and in the
lower half-space.

The Cauchy’s low links the functions ¢(x,y) and o(x,y),

% (x.y) = 0¢(x y) _ 60((;;, y)
5 E.(xy)= 0¢((9>)<( y) _ 60((;; y)

(6)

where Ex(x,y) and Ey(x,y) are the components of the two-
dimensiona electrostatic field intensity. The electrical
boundary conditions for the complex potential @®(x.y)
along theliney=0 are

EXy=0)=0,x O(a, b))  (78)
E,X,y=0)=0, X O (bn, ams)  (7h)

Let us introduce the designations for the uniform
potential on the n-th electrode and for the uniform flux
through the n-th gap between the n-th and the (n+1)-st
electrodes:

$(n) = ¢(x,y=0), x O(anbn)  (4.8)
o(n) = o(x, y=0), x O (bn,an1)  (0:8)

Let us denote an integral charge on the n-th electrode
by q(n) and a voltage on the n-th gap between the n-th
and the (n+1)-st electrodes by u(n).

u(n) = ¢(n+1) - g(n)

By the Gauss's law the free charge distribution density
is equal to the jump of the electrostatic field displacement
discontinuity on the metal space. So the integral charge
g(n) on the n-th electrode may be expressed as the
difference of the electrostatic field flux values between
the neighboring gaps.

(u.8)

an)/(&+e;) = o(n) - o(n-1)

4.3. Potential-basis formalization

(9.8)

By setting the following distribution of the potentials
¢(n)

¢(n)=+1,n=0
¢(n)=0,n#£0

(¢.99)
(¢-9b)
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we build the potential-basis. The boundary conditions
(¢.9a)-(¢.9b) have the physical meaning that the zeroth
electrode is hot while others are grounded [6,7,8,9,10].

4.4. Voltage-basis formalization
The boundary conditions

uin)=+1, n=0
un)=0, n#0

(u.9a)
(u.9b)

[6,8,9] give the voltage-basis and have the physical
meaning that the electrodes enumerated from —oo to zero
are grounded and the electrodes enumerated from 1 to +co
are hot with potential of +1 .

4.5. Dipole-basis formalization

By assigning the following distribution of the
imaginary part of the complex potential

on)=+1,n=0
on)=0,n#0

(0939
(0-9b)

we build the dipole-basis boundary conditions. The
boundary conditions (0.9a)-(a.9b) have the physica
meaning that all the electrodes excluding both the zeroth
and the first electrodes are isolated and keep no charge.
The electrostatic voltage applied between the zeroth and
the first electrodes is such that the zeroth one is charged
with the positive value +1/(&:+§;) and the first one is
charged with the negative value —1/(&,+€,) [14,15].

4.6. Charge-basisformalization
Let us assume that we have succeeded to charge the
zeroth electrode with the free charge of (&+¢&,) while all

the other electrodes keep zero charge, i.e.

qn)/(&+&) =+1, n=0
q(n) =0,n#0

(9.99)
(9.9b)

Such a structure we call as charge-basis.

5. Electrostatic Solution
5.1. Solution for Potential-basis

The charge distribution density for the potential-basis
is symmetrical around the zeroth electrode center. It is
suitable to choose the point x=0 at the zeroth electrode
center. The charge distribution density pg(x) satisfying
the potential-basis boundary conditions (¢.9a)-(¢.9b) is
written by the following equation [6,10,11,12,13]:

(¢.109)

Ps(¥) = 0, X[I(bry , Be)
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=)™ (&, +$)\/_G(x9)
P \/CosznX Cos6

xO(a,,b,) (¢.10b)

ps(X) =

where:

m - is electrode number,

0=m,

nisametallization ratio, n = w/p,
wis an electrode width ,
pisagrating period,

+1Cos"7t CosTT Xt
G,(x8) = [ P ot
Pg(—Cose)
2
isthe Legendre function.

Ps (X) -

The free charge g(m), induced on the m-th electrode in
the potential-basisis written as:

d, (m) Sin(1rs) Cos (2 ms) P_ (Cos)

= J. ds
(EO + Sp) 2 P S(— Cos6)
(9.118)

The integra in (¢.118) is simplified for metallization
ratio, n = 0.5:

AE, +£,)

ﬁ (¢.11b)

q, (M) =

The value gg(m) of the electrostatic field flux through the
gap between m-th and (m+1)-st electrodes in the
potential-basisis expressed as.

P_(Cosé
a,(m)= I%Sn[(2m+l)ns]ds

(¢.122)

After anumber of simplifications for the ratio n=0.5, it
iswritten as;

(¢.12b)

The potential-basis element factor R4(k), defined as the
Fourier transform of the charge distribution density pg(x),
isequa t0[6,10,11,12]

R, (k) = (¢, +sp)% P, (Cos6)
for ns%3n+1, (¢.13)
where
S=K2—7_?—n, O<s<1

The usage of the potential-basis leads to interpretation
of the Ry(k) in (4) as Ry(k) and the weights A(n) get
meaning of applied potentials to electrodes.

The frequency spectrum Ry(k,r), that is considered the

SAW propagates with the wave number k. within
€lectrodes and Ky within gaps, is defined as:
K,r) 2(-D"Sn(rrs
Rykon) _200'8n0ts) ) o
(&, +€,) P.(—Cosb)
for nsK—pSn+1, (9.19)
2
where Kk =nk, +(1-n),
_ )& Ky
1+'7(r'1) ’ Ke
S:Q—n, O<s<1
2

5.2. Solution for Voltage-basis

The charge distribution density for the voltage-basis is
anti-symmetrical around the zeroth gap center x=p/2. It is
suitable to choose the shifted coordinate & = x-p/2, so the
point &=0 lies at the zeroth gap center. The charge
distribution density p,(€) sdtisfying the voltage-basis
boundary conditions (u.9a)-(u.9b) is written by the
following equation:

pU(E):O! f:X-p/Z, Xﬂ(bm, am+1) (ulOa)
-
p

(e, +£p)\5 G, (&.6)

p, &)= —
\/Cos(n -0) - COSLE

§=x-p/2, xO(@ b ) (u.10b)

where
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+1 Cosn—";t
G,(6.0) = -+ P g
23 P, _,(~Cost)

2

The solution p4(x) (¢.108)-(¢.10b) for the charge
distribution of the potential-basis may be considered as
superposition of the voltage-basis solutions:

Py(X) = pu(é-p) —pu(§) . §=x-p/2  (u.10c)
And conversely, the solution p,(&) (u.10a)-(u.10b) for the
charge distribution of the voltage-basis may be

considered as superposition of the potentials-basis
solutions:

0,(6) = 2p¢<x- p) (u10d)

The free charge q,(m), induced on the m-th electrode in
the voltage-basis, is written as:

q (m) Sn[(2m-1)s] P_S(Cose)
- = ds
(80 +£p) 21 P_S(—Cose)

(ulla)

The integral in (u.118) is simplified for the metallization
ratio, n = 0.5:

(Eo + £p)

m(m-05) (u11b)

q,(m) =

The value ag,(m) of the electrostatic field flux through
the gap between m-th and (m+1)-st electrodes in the
voltage-basis, that is defined according to the Gauss's
low

o,mM=Y q,n (12),

n=-oo

losses a physical meaning in this case as well as in the
case of the hot electrodes with numbers +o. So, the
voltage-basis is the non-physical meaning abstraction. Let
us remind that the superposition of two voltage-basis
functions (u.10c) has the physical meaning of the
potential-basis function.

The voltage-basis element factor Ry(k), defined as the

Fourier transform of the charge distribution density p,(x),
isequal to [6]:
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R() _~IR(K) _
(&, +&,) 23n(mw)
-D"™ P (Cos@
_ IR CosO)
P..(—Cosb)
for nsQSn+1,
21T
where
S:Q—n, O<s<1
21T

The usage of the voltage-basis leads to interpretation of
the Ry(K) in (4) as Ry(k) and weight A(n) gets meaning
of applied voltages between the (n+1)-st electrode and the
n-th one. For apodised structures this weight is
proportional to the n-th inter-electrode overlap. This fact
does the voltage-basis as well as the potentia-basis
suitable to analyze and to implement an IDT of uniform
and apodised topology, when the end-effect is not
essential.

The frequency spectrum Ry(k,r), that is considered the

SAW propagates with the wave number k. within
electrodes and K within gaps, is defined as:
-)"™P, (Cos@
R(k,r) _ . (D"P,,( ) (u14)
(&, +€,) P (—Cosb )
for nsﬂs n+1,
21T
where K =nK,+{1-n)k,
_ (&) Ky
1+n(r-1) K,
S:Q—n, O0<s<1
21T

5.3. Solution for Dipole-basis

The charge distribution density for the dipole-basis is
symmetrical around the zeroth gap center x=p/2. So as
well as in the voltage-basis case, it is suitable to choose
shifted coordinate & = x-p/2, so the point é=0 lies at the
zeroth gap center. The charge distribution density pg(£),
satisfying the dipole-basis boundary conditions (.9a)-
(0.9b), iswritten by the following equation [14,15]:

P()=0, &x-p/2, xO(bm, an1)  (0.10a)
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(-)™ (0 +€p)2 G_(£.6)

pg (&) = 0 > )
\/Cos(r[ 0) - COSZE

éE=x-pl2, xO (am.bm) (0.10b)
where
+1C05"7t Cosﬂ—‘rt
G,(£.60) = [ Pt
1 PQ.(COSG)
2

The voltage us(m) in the gap between the m-th and the
(m+1)-st electrodes in the dipole-basis structure is:

* Sin(78)Cos(2rms) P (—Cosb) ds
P_(Cosb)

(=2

(0.119)

The integral in (0.11a) may be simplified for the
metallization ration = 0.5, i.e.

4

U, (M) = m

(0.11b)

The associated potential ¢,(m) on the m-th electrode in
the dipole-basis structure is equal to:

s( Cos9)

J’ P (Cos6) —=———29n[(2m-1rs] ds

(0.129)

The integral in (0.12a) may be simplified for the
metallization ratio n = 0.5, i.e.

1

=05 (0.12b)

9, (m)=-

The dipole-basis element factor Ry(k), defined as the
Fourier transform of the charge distribution density p4(x),
isequal to[14,15]

R, (k) _ 23n(rr s) P (Cosh)
(&, +€,) P.(Cosb)
for nsK—psn+1, (0.13)
21
where
:K—p—n, O<s<1
21

The usage of the dipole-basis |eads to interpretation of the
Ro(K) in (4) as the Ry(k) and the weights A(n) get
meaning of electrostatic field flux values through the
inter-electrode gaps. An absence of charges outside of
IDT is described with zero electrostatic flux. So the
electrostatic end-effect is approximated by A(n) = O, for
al numbers n lying out of the IDT inter-electrode gap
numbers. This fact advantageously distinguishes the
dipole-basis from the both potential-basis and voltage-
basis with accurate approximation of the electrostatic
end-effect.

The frequency spectrum Ry(K,r), that is considered the

SAW propagates with the wave number k. within
electrodes and K, within gaps, is defined as:
R, (k,r) _ ZSn(rrs) P.., (Cosd)
(6, +¢,) P (Cosb)
(0.14)
for n<XPg n+1,
2
where K=nK,+@1-n)K,
_)En) Ky
1+’7(r'1) ’ Ke
s:K—p—n, O<s<1
2n

5.4. Solution for Charge-basis

The charge distribution density for the charge-basis is
symmetrical around the zeroth electrode center. It is
suitable to choose the point x=0 at the zeroth electrode
center. The charge distribution density py(x) satisfying
the charge-basis boundary conditions (g.9a)-(q.9b),
saying that the zeroth electrode has free charge equal
(&-t€p) while al the other electrodes keep zero charge, is
written by the following equation:
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pq (X) = Ol X D (bm ! a'm+1) (qloa)
Py ™ 2 Gy (x0)
(80 T p) P Coszipx Cos6
X D(am,bm) (9.10b)
where
" CosItXt T Xt
Gq (x,0) = J’ dt
1P (Cose)
t-1
2

The solution px(&) (0.10a)-(0.10b) for the charge
distribution of the dipole-basis may be considered as the
superposition of the charge-basis solutions:

PoAE) = Po(X) — Pg(x-p) , §=%-p/2 (9.10c)

And conversely, the solution py(x) (9.10a)-(g.10b) for the
charge distribution of the charge-basis may be considered
as the superposition of the dipole-basis solutions:

Pq(¥) =5 p,(§-np) (9.10d)

The inter-electrode voltages ug(m) on the m-th gap in the
charge-basisiswritten as:

*1 Sn[(2m-Drrs] P (—Cos8)
u (m):J- —S ds (g1la)
g 2, P_S(Cose)

The integral in (g.11a) is simplified for metalization
ratio, n = 0.5:
(-1

a(m) = 1(0.5+ m)

The associated potential ¢4(m) on the m-th electrode in
the charge-basis structure, which is defined as sum of
voltages

(911b)

m

B =3 u,(n)

n=-oco

(912),

losses a physical meaning in this case as well as the not-
zero sum charge of the system. So, the charge-basis is the
non-physical meaning abstraction. Let us remind that the
superposition of two charge-basis functions (g.10c) has
the physical meaning of the dipole-basis function.

The charge-basis element factor Ry(k) defined as the

Fourier transform of the charge distribution density py(x)
isequal to

C-100

R, (k)

_ R (k) _
29n(7s)

_ P, (Cosb)
~ P_(CosH) (@13)

K
nS—psn+1,

21T

for

where

The use of the charge-basis leads to interpretation of the
Ro(K) in (4) as the Ry(k) and the weights A(n) get
meaning of charges induced on electrodes. An absence of
charges outside of IDT is described with zero charges on
electrodes. So the electrostatic end-effect is approximated
by A(n) =0, for al numbers n out of the IDT electrodes
numbers. So the charge-basis as well as dipole-basis
advantageously distinguish from the both potential-basis
and voltage-basis with accurate approximation of the
electrostatic end-effect.

The frequency spectrum Ry(k.r), that is considered the

SAW propagates with the wave number k. within
electrodes and kg within gaps, is defined as:
(k,r) _ P, (Cost)
B By (14)
(&, +€,) P.(Cosf)
for nsK—ps n+1,
21
where Kk =nk, +(1-n)k,
DD Ky
1+n(r-) K,
:Q—n, O<s<1
2

6. Calculations

Calculations of the charge distribution for the four basic

structures are presented in the Figures2,3. The
comparison of the end-effects does the usage of the
dipole-basis be the most preferable.

The element factor and the modified frequency spectrum
of SAW for the dipole-basis are presented in the Figure-
4. The function Ryk,) was caculated for the
metallization ratio n=0.5 with assumption the parameter
r=1.1. This calculation shows the difference between the
functions Ry(k) and Ry(k,r) in the high harmonics range.
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Figure-1.
The intervals (a,,b,) along X-axis are occupied by electrodes.
The electrode’s width equals w, w= b,-a, , and the grating period equals p, p=b,-b,.; .

Figure-2.

Charge Distribution in Basic Structures
Potential-Basis

— Charge-Basis

g end-effect end-effect
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| \ | | | | |
-2 2 3

Figure-3.

Charge Distribution in Basic Structures
Voltage -Basis

s Dipole-Basis

I I I I I I
-1 0 1 3 2 - 0 1
Electrode Number Electrode Numbers

2 — —— Fourier-transform of the dipole-basis charge distribution
v —@  Modified spectrum of SAW with assumption the ratio r = 1.1

kS

5

>

@

£ .//'\\7
5 AN
g0 |

P
\," . ,'\v//' :“‘Ii’,

6 8 10
Normalized Frequency

o
N
N

Figure-4. Dipole-basis element factor for metallization ratio
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